Classical versus Quantum Transport near Quantum Hall Transitions 
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Transport data near quantum Hall transitions are interpreted by identifying two distinct conduc- 
tion regimes. The "classical" regime, dominated by nearest neighbor hopping between localized 
conducting puddles, manifests an activated-like resistivity formula, and the quantized Hall insula- 
tor behavior. At very low temperatures T, or farther from the critical point, a crossover occurs to a 
"quantum" transport regime dominated by variable range hopping. The latter is characterized by a 
different T-dependence, yet the dependence on filling fraction is comcidentally hard to distinguish. 
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Magneto-transport measurements in the vicinity of 
quantum Hall (QH) transitions provided over the recent 
years an extensive variety of data , which stimulated 
a considerable confusion. The present paper suggests a 
way to settle the apparent disagreement between differ- 
ent experimental results.. 

The traditional point of view asserts that transport 
properties near the transitions between QH plateaux, and 
from a QH liquid to the insulator, should reflect the prox- 
imity to a second order quantum phase transition. Cor- 
respondingly, the d.c. resistivity tensor pij at a given 
filling fraction v and temperature T should be described 
by a universal function f{X) of a single parameter: 



However, counter to the expectation, ^^{T) does not scale 
as T'*, but rather exhibits a linear dependence on T: 



(1) 



where Av — v ^ Vc (the deviation from the critical filling 
Vc)i a-iid Pijc, K are universal. Here k is a combination 
of critical exponents, n = 1/zx, where z is the dynam- 
ical exponent and x characterizes the divergance of the 
correlation length near criticality: ^ ~ |Ai/|~^. Theoret- 
ical studies have predicted x = 7/3 [|l^; experimentally, 
a number of groups have obtained data in remarkable 
consistency with the scaling ansatz, at different (integer 
as well as fractional) QH transitions ||T^]. These results 
are further supported by data showing scaling at finite 
frequency and current |13|, which moreover confirm 
the theoretical prediction a; = 7/3 and yield z « I (indi- 
cating the relevance of Coulomb interactions [Q near the 
quantum critical point). 

The validity of the single parameter scaling form Eq. 
(^ has been, however, recently challenged Q . Motivated 
by an earlier work which identified a surprisingly 
robust (duality) symmetry relating the current-voltage 
curves KV) in the QH liquid phase (Ai/ > 0) to 
V{I) in the insulator at —A;/, the parameter Av was 
marked as a relevant scaling variable ||l^. The Ohmic 
resistivity plotted as a function of Ai^ is indeed fitted (in 
a wide range of parameters) by the formula 



iyo{T)=aT + P 
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The resistivity law Eqs. (g), (|3|) holds in various differ- 
ent samples, as well as in different transitions, including 
plateau-to-plateau transitions |^] (with an appropriate 
definition of the analog of Pxx)- The parameters a and 
P are sample-dependent, and define a "saturation tem- 
perature" Ts = P/a which ranges between 0.05K and 
~ 0.5K. Moreover, even if one ignores this saturation, at- 
tributing it to incomplete cooling of the carriers, a linear 
scaling of i^o{T) with T is inconsistent with any sensi- 
ble theory for the quantum critical behavior. It should 
be noted, that a partial set of curves obeying Eqs. (||), 
(^ (corresponding to a restricted range of parameters) 
can be collapsed on a "traditional" scahng curve [ p^ , 
with an exponent < k < 1. This observation raises a 
serious doubt concerning the interpretation of the data 
in earlier experimental works: the distinction between a 
pure power law T'^ with k ^ 0.4 — 0.5, and an alternative 
function which interpolated between ^ T and a constant, 
may turn out to be rather difficult. Nevertheless, a re- 
cent experimental result [^j indicates a cross-over from 
one behavior to another, which will be discussed later in 
this paper in more detail. 

Another set of experimental observations that appear 
to be inconclusive involve the Hall resistance in the high 
magnetic field insulator. While part of the data [|j sup- 
port the theoretical prediction of a "Hall insulator phase" 
]l7t , in which p^x diverges in the limit T ^ yet Pxy be- 
haves as in a classical conductor (linearly dependent on 
the magnetic field B), other data ||] exhibit a tendency 
to divergence of Pxv as well. Yet a third class of exper- 
imental data have established the existance of a 
"quantized Hall insulator" (QHI) behavior in the insula- 
tor close to a fundamental QH state (I/fc with k an odd 
integer): in this regime, pxy is not only finite as asserted 
in i pTf , but moreover maintains the quantized plateau 
value kh/e^. This phenomenon is a specific manifesta- 
tion of the "semi-circle law" [|l8| , which however extends 
beyond the range of validity expected from that theory. 
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In particular, the observation of a QHI behavior in the 
non-linear response regime indicates a surprising ro- 
bustness of the phenomena, and has provided support to 
the idea that it is intimately related to the validity of 
duality symmetry JTst . 

In a previous work []l9| , Shimshoni and Aucrbach pro- 
posed a transport mechanism consistent with the above 
described QHI phenomenon. The mechanism involves 
hopping across the junction between edge-states sur- 
rounding nearest neighbors in a random network of 1/k- 
QH liquid puddles, carried out by quantum tunneling 
assisted by the temperature and current bias. Then, ne- 
glecting the quantum interference between different junc- 
tions in the network, it is proven that the Hall resistance 
is quantized at the value dictated by the QH liquid, ir- 
respective of the details of the longitudinal resistance 
associated with the hopping processes in the junctions. 
Note that this network model can be extended to the case 
where the liquid puddles do not consist of a single type 
(a situation that is likely to be applicable in an insulating 
regime close to more than one fundumental QH state), in 
which case p^y B can be established (similarly to data 
in Ref. It is later shown that within this model 
one also obtains an activated-like behavior similar to Eq. 

(though with vq{T) interpolating between ^ T and 
a constant in a way different from the linear expression 
Eq. (^). The linear dependence on in this model 
is attributed to the relation between area-fraction of the 
liquid and the barrier heights. 

Underlying the above described model for the trans- 
port, there is an essential assumption of a finite dephas- 
ing length L^, beyond which quantum interfernce terms 
are suppressed. As long as the size of a QH Uquid pud- 
dle, around which electronic edge-states are extended, 
is larger than L<^ - the classical random resistor net- 
work model is justified. In this sense, the transport 
regime dominated by nearest-neighbor hopping processes 
is "classical" . This is even though the resistance associ- 
ated with a single junction in the network (and given 
by a Landauer formula, where the two neighboring pud- 
dles are regarded as macroscopic reservoirs), is possibly 
dictated by quantum tunneling through the barrier. 

The classical model of Ref. [|l9| is not obviously a 
unique scenario which yields a quantized Hall resistance 
away from the strict QH phase. To test this, in a recent 
work j2l] Pryadko and Auerbach have examined the ef- 
fect of quantum interference in the network on p^y , and 
found a deviation from the quantized value. In the case 
where is much larger than a puddle size, pxy vs. B in- 
dicates an exponential divergence towards the insulating 
regime. A similar trend is indicated in other recent nu- 
merical data as well [^. This suggests that (counter to 
the naive intuition!) a classical scenario is actually a nec- 
essary condition for supporting a QHI behavior; it also 
follows, that the range of parameters in which it is ob- 
served should coincide with the range of validity of Eqs. 

(i, (ID- 

A cross-over from the classical to a quantum transport 



regime is expected, when the size of the QH puddles be- 
comes smaller than L^. Then, the nearest neighbor lo- 
calized puddle is not necessarily the optimal destination 
of a hopping electron. Typically, randomly distributed 
electronic states that are close in energy are not close 
in real space. As a consequence, the dominant trans- 
port mechanism is variable range hopping (VRH) [ p3| . 
In this regime, a typical hop occurs between localized 
states separated by a distance Rh{T), which minimizes 
the exponential suppression of the hopping probability 
due to the difference in both energy and real space. As- 
suming a Coulomb gap in the density of states |^^, this 
hopping length is given by 



Rh{T) 



eksT 



1/2 
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here ^ is the localization length, and e the dielectric con- 
stant. The resulting expression for the longitudinal re- 
sistance in the insulator is 



Pa exp 



1/2- 



Tn 



(5) 



(Similarly, in the QH phase Eq. (||) holds for 1/pxx', to 
avoid confusion, in the rest of the paper the expressions 
for pxx correspond to the insulator.) 

To convert Eq. (||) into a dependence on the filling 
fraction, note that the localization length ^ (which by 
definition describes a typical cluster over which an elec- 
tronic state is extended), coincides with the correlation 
length which tends to diverge near the transition [p5[: 



(6) 



(where is the value of ^ deep in the localized phase). 
The critical behavior Eq. (||) is valid for Ai' ^ I'c, so 
that <^ ^0- On the other hand, the mechanism of VRH 
dominates the transport as long as ^ is finite and smaller 
than Lfj,. Provided the latter is a few orders of magnitude 
larger than ^o, there is a range of parameters where Eq. 
(^ holds in coincidence with Eq. (^ p^ ]. As a result, 
one obtains 



Pq exp 



1/2- 



C : 



(7) 



In the regime where Eq. (^ is applicable, the exper- 
imental data exhibit three prominent features: (a) the 
scaling form Eq. (|l|) is recovered with k — l/x « 0.43 

(given that indeed x = 7/3), and f{X) ~ e^^^")'^'; (b) 
at a given Ai/, 



iogp,,(r)^T-i/2; 



(8) 



and (c) isotherms plotted as a function of v are of the 
form 



2 



1.15 
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Comparing Eq. with the empirical resistivity law (jj), 
we observe that by mere coincidence (which stems from 
the specific value of the exponent x) , the two functional 
forms are practically indistinguishable. Similarly, it is 
hard to distinguish the temperature dependence Eq. (H) 
from the fit to T"" employed in Ref. it is suggested 
that the VRH scenario is, in fact, a more appropriate 
basis for interpretation of the data in the low T regime. 

As mentioned above, the VRH scenario is consistent 
in the regime where the transport is quantum coherent, 
namely for ^ < L^. Hence, the quantum regime ter- 
minate once ^ approaches due to either increase of 
temperature, or the divergence of ^ sufficiently close to 
Vc- To estimate the boundary of the corresponding re- 
gion in parameter space, an explicite expression for 
is needed. It turns out |2^] that in the VRH regime, the 
length scale which plays the role of a dephasing length is 
the hopping length Rh{T) (Eq. (|)). This implies that 
a cross-over to a "classical" transport rcgim occurs at 
T ^ To (where Tq is defined in Eq. (|)). Note that 
this criterion is consistent with the observation, that for 
T > To the longitudinal resistivity no longer indicates the 
exponential divergence characteristic of strong localiza- 
tion. Employing Eq. (|^) we conclude that for a fixed i^, a 
cross-over to the classical regime occurs at a temperature 
T^-, where 



~ To — 



\Aiy\ 



(10) 



Alternatively, for a fixed T, the cross-over occurs at 
|A^'|j^, where 



e£,okBT 



l/x 



(11) 



As argued in Ref. [g5[, the latter expression defines the 
width of the peaks in a^^ near QH transitions. However, 
it should be emphasized that (at a fixed T) critical scaling 
of the data is expected to hold out side this width, while 
\Aiy\ < \Aiy\^ corresponds to a classical transport regime. 

I next show that the data which clearly manifest the 
activated-like behavior resistivity law (|^), (||) (Ref. |^) 
and a QHI behavior (Refs. @J§1), mostly correspond to 
the classical regime by the criterion suggested above. A 
quantitative estimate of lAz/j^; from Eq. ( ITTI ) is possi- 
ble provided the "bare" localization length is known. 
Unfortunately, this parameter can not be extracted in- 
dependently from the available information about the 
samples. However, the fact that the integer QH effect 
is observed indicates that the single-electron states are 
localized over a length scale at least as large as the mag- 
netic length I = {hc/eBy^'^ . Hence, the insertion ~ I 
provides a minimal estimate of |Az^|a; for a given T. In 
Ref. Q , close to the critical field in the InGaAs /InP sam- 
ple {Be = 2.14T, corresponding to i^c = 0.562 and carrier 



density n = 3 x 10^° cm~^), one gets / ~ 170A. The im- 
plied lower bound on the width of the classical regime is 
{Ai^)x/i'c ^ ±0.2 for the highest temperature isotherm 
(T = 2.21 K), and {Aiy)^/!^^ ±0.1 for T = 0.3 K. 
Comparing with the data, it turns out that the range 
of i^'s where log pxx vs. v is strictly linear is not much 
larger than this lower bound. A more conclusive state- 
ment can be made regarding the quantized Hall resis- 
tance data of Hilke et al. in Ref 0: there, I ~ ISOA 
which implies that at the lowest displayed temperature 
(T « 0.3 K), the classical regime extends at least within 
AB/Bc ^ 0.09. Indeed, this estimate implies an upper 
field Bu — Be X 1.09 which roughly coincides with the 
field at which the pxy data terminate (due to insufficient 
accuracy of the measurement) . Note that the range of ob- 
served QHI increases with T or with an increased current 
bias, as long as a plateau in the QH phase is preserved. 
Beyond a certain T, the quantization in the insulator is 
destroyed at the same time with the entire plateau, due 
to excitations to higher Landau levels. 

To further test the central arguments of this paper, 
one should examine experimental data that extend over 
a wide enough range of temperatures below and above the 
cross-over point T^. The classical and quantum regimes 
are then clearly distinct in terms of the T-dependence 
of Pxx for a given i'. The functional dependence on v 
is, however, nearly identical: log p^x is expected to be 
approximately linear in in a wide range of parame- 
ters extending over both regimes. This is possibly a ma- 
jor source of confusion in the literature. In particular, 
in Ref. Q a cross-over in the T-dependence is clearly 
observed, however the single cross-over point identified 
there (T^. « O.IK) is an average over a range of filling 
fractions. Similarly, it is possible that in Ref. ||] as well, 
the outskirts of the range of Av indicating log pxx v 
extend into the quantum regime. The formula Eq. (||) is 
then not necessarily the only possible fit of the slope. 

To summarize, I propose an interpretation of the ex- 
tensive set of data close to QH transitions which dis- 
tinguishes two conduction regimes. The classical regime 
is established closer to the critical point and at rela- 
tively high T. It is dominated by hopping between near- 
est neighbor hopping between conducting QH puddles, 
whose typical size is larger than the dephasing length 
L^. Hence, the transport coefficients do not depend on 
L^, but rather on the details of the narrow junctions 
separating the puddles. When mapped to a QH liquid- 
to-insulator transition, the characteristic behavior of the 
resistivity tensor in this regime is an activated-like pxxi 
and quantization of p^y in the insulator. The quan- 
tum regime is established at lower T and farther from 
the critical point, where the transport is dominated by 
VRH. The limit of validity of VRH (corresponding to 
^ ^ Rh{T), where Rh{T) is identified with L^), provides 
an estimate of the boundary between the regimes (Eqs. 
(|To|), (PI)). The classical and quantum regimes are very 
hard to distinguish by z^-dependence of log pxx (~ Av vs. 
~ (Ai/)^-^^, respectively). It is predicted that the cross- 
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over between them should be more clearly indicated by a 
change in the T-dependence, accompanied by a deviation 
of Pxy in the insulator from a quantized plateau. 
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